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Gaussian estimate

A fundamental result by Aronson (’68) states that the fundamental
solution (that is, the heat kernel) p(¢, x, y) of a second order uniformly
parabolic equation in divergence form

L= 0 (dayx))

ij=1

on R? enjoys the following Gaussian estimates

o2
p(t,x,y) = = exp <_]xty|>7 t>0,x,y€R
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Schrodinger operator

@ Let’s consider the Schrodinger operator Ly = A — V with
non-negative potential V > 0;

@ Let {7}~ be the semigroup associated with £ with associated
heat kernel p(t, x, y), by Feynman-Kac formula we have

T'f(x) = E, [f(Bt) exp (— /O t V(Bs)ds>] :

where {B, },~o denotes the standard d-dimensional Brownian
motion.
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Schrodinger operator

e If0 < C, <V < C; < +oo for some positive constants ¢y, ¢, it
is easy to see that

2
p(t,x,y) < 7% exp (—M) , t>0,x,y€R%

e Visin Kato class: Chung and Zhao (°94), Zhang ("97), Song
(’06)., Li(C08)
Kato class:

t
lim sup / q(s,x,y)|V(y)|dyds = 0.
0

1O yeRrd
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Schrodinger operator

Since then many efforts are devoted to characterize functions V for
which p(z,x, y) is comparable with the Gaussian estimates in space and

time, i.e.

2
p(t,x,y) < 7% exp (—u) , t>0,x,y€ R

e V € I”(R?) with p > d/2: Simon(’82), Semenov (’97), Liskevich
and Semenov (°98), Bogdan, Dziubarnski, and Szczypkowski(’19).

e V < (1+ |x|)~™ with some m > 2: Zhang(’00).

@ Main methods: parabolic Harnack inequality, comparison
principle, maximum principle.
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Schrodinger operator

Question: Does there exist a global estimate on the heat kernel of
—A + V different from Gaussian estimate, which reveals an explicit
dependence on the potential V'?

@ V is unbounded, i.e.

Cig(|x]) < V(x) < Cag(lx|)

for some g : R, — R, with lim,_,, , g(r) = +00.
On diagonal estimates: Davies(’89), Sikora(’97),

t= 4 exp (—1V(x)), AVt
g(]x
f,X,X) =<
P ) e 'exp (—(1 + |x|) V(x)) , > H(‘\)dl)'
g(]x

The estimates on full regime is unknown.
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Schrodinger operator

@ Intrinsic ultracontractivity: Davies and Simon (’84):

Cre Moy (0) 1 (y) < (1, x,y) < Cre ™Moo (x) 1 (),

where ¢ (x) is a ground state (eigenfunction corresponding to the
smallest eigenvalue \) of the operator L.

o V= iﬁ (critical case): Zhang(’00), Milman and Semenov

(’04), Ishige, Kabeya and Ouhabaz(’17)

Clx—yP
t

) U(t,x)U(t,y)

p(t,x,y) < 7% exp <

where U(t,x) < 1~ when ¢ is large enough and the constant o
will depend on .
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Schrodinger operator

o V= iﬁ (critical case for stable process): Bogdan, Grzywny

and Jakubowski(’19), Cho, Kim, Song and Vondracek (’20),
Jakubowski and Wang(’20).

o V=< (1+ |x|)~™ with m < 2: Zhang(’00):
p(t,x,y) is sub-exponential decay as ¢ — oo but the exact
exponent is unknown.

e V> —a(l+ |x|)7? witha < a;: Zhang(’01):
upper bound p(t, x, y) is polynomial growth as t — oo but the
exact exponent is unknown.

V > —a(1 + |x|)™™ with a > a,: Zhang(’01):

C 2
P(t,x>y) >~ q(t,x,y) exp (Clt— ZLX| ) '

Xin Chen (SJTU) Heat kernel estimates for Schrodinger operator: Tianjin 9/35



: probabilistic methods
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Tools: probabilistic methods

Let U be a domain of R?. Then, for everyx € U andy ¢ U,

TU
p(t,x,y) = IE’x |:6Xp (_/ V(Bs)ds> 1{Tu<f}p (t - TU?BTU7y) o
0

e This gives us a new way to obtain two-sided estimates of p(z, x, y)
by studying the behavior of {B,}¢ to visit the positions where V
takes different values.

@ Only the Feynman-Kac formua is applied in the proof of Lemma

1, so it still holds when {B, }>¢ is replaced by more general strong
Markovian processes.
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Tools: probabilistic methods

The following characterization for the distribution of (7p, B;,) is
proved by Hsu (’86).

Lemma (Hsu(’86))

Suppose that D is a bounded domain with C* boundary. Then for every
x €D,

lan(l‘,x, )

P, (mp € dt,B,, € dz) = 5 o

(z)o(dz) dt,

where o(dz) denotes the Lebesgue surface measure on OD, and

%(z) denotes the exterior normal derivative of qp(t,x, ) at the

point z € D for Dirichlet heat kernel qp(t,x,y) associated with
{Bz}t>0-
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Tools: probabilistic methods

The following Levy-system are used to estimate for the distribution of
(Tp, Xr,) for jump process {X,};>0

Lemma

Suppose that f : R, x RY x R? — [0, 00) is a nonnegative measurable
function so that f (s, x,x) = 0 for all x € R? and s € R,.. It holds that

™ Cda
E, s, X, Xs)| = E, §,X,2) ——————dz | ds
2 Xens X (Lo oxen g ) o]
where X;_ := lim X, denotes the left limit of X. at s.

t—>s:t>s
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Lemma (Zhang(’04))

For any given Cy > 0 there exist positive constants C;, i = 1,--- ,4, so
that for any R > 0, x € R%, t € (0, CoR?) and y € OB(x, R),

CiR C2R2 aQB(x,R) (t, X, ) C3R C4R2
sz P (—T) S— O Sgmee(—— )

Lemma (Chen, Kim and Song(’09))

For any constant Cy > 0, there exist positive constants Cy and C, such
that for every x € RY, R > 0, y € B(x,R) and 0 < t < CyR*,

_ _ t Sp(er) ()
ot xy) =< [ YA i Al), A
o) = (1 s ) (247 v

where qp(..r)(t,x,y) denotes the Dirichlet heat kernel associated with
a-stable process { X, }o.

Xin Chen (SJTU) Heat kernel estimates for Schrodinger operator. Tianjin 13/35



© Main Results
e Unbounded potential V
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@ Let G be the class of nondecreasing and strictly positive functions
g :]0,00) — [1, +00) such that lim,_,, g(r) = oo and there
exists a constant Cy > 0 so that for all » > 0, g(2r) < Cog(r). In
this subsection we always assume that there exist g € G and
positive constants Cy, C, so that for all x € R with |x| > 1,

Cig(lxl) < V(x) < Cog(lx]).

@ For any s > 0, set
1
fo(s) == i, s > 0.

@ Wesay #y : [0,00) — R, is almost increasing (resp. almost
decreasing), if there exists an increasing (resp. a decreasing)
function 4 : [0, +00) — [1, +00) such that

C.h(s) < to(s) < C*h(s), s=0.
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Main results

Theorem (C.-Wang., 23+)

It holds for any Cy > 0 that
(i) forallx,y € R and 0 < t < Coto(|x| A |y]),

2
p(t,x,y) <t~ exp (— aibl )

t

xexp (= (HV@) AVO) + k= yIVVR V VD)) ).
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Main results

Theorem (C.-Wang., 23+)

It holds for any Cy > 0 that
(i) forallx,y € R and 0 < t < Coto(|x| A |y]),

2
p(t,x,y) <t~ exp (— aibl )

t

xexp (= (HV@) AVO) + k= yIVVR V VD)) ).

(ii) forallx,y € R andt > Coty(|x| A |y]),

(ii-1) if s — to(s) is almost decreasing, then

plt,%,y) < e”'exp (= (1 + )V + (1 + b)VVE)).

o’
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Main results

Theorem (C.-Wang., 23+)

It holds for any Cy > 0 that
(ii) forallx,y € R? and t > Coyty(

),

(ii-2) if s — to(s) is almost increasing, then

pla.33) = e min { exp (~((1 + 1s) /7 + (1 + b0V

exp (_(1 + [x)? Jtr 1+ Iy!)z) }
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Example: V(x) = |x|“

Assume that V(x) = |x|® for o > 0. Let

to(x,y) = max { (1 + |x|)! =/, (1 + [y])' =22}

(i) for every x,y € R? with |x| < |y| satisfying |x — y| < |y|/2,

)2

[x— [eY
l‘_d/zef 7 e_l(1+|Y|) , t < 1, X,y),
p(t7x7y> = A 1+a/2 0( y) (2)
ete (110D , t > to(x,y).
(ii) for every x,y € R? with |x| < |y| satisfying |x — y| > |y|/2,
X*"z o
(t5.5) = 2= FE o= (D2 i y), 3)
PEDYIZ grigmtivbieor 1> 1o(x,y).

Xin Chen (SJTU) Heat kernel estimates for Schrodinger operator. Tianjin



Application: Green’s function estimates

Let G(x,y) fo (t,x,y)dt be Green’s function associated with the
Schrodmger sengoup {T"}=0. Then, for all x,y € R,

G(xvy) = |X _yli(diz) : Fl(x,y)Pz(x,y),

where

' (x,) = exp (| — ylv/max{g(l+)), (BN} ) -

1

V

Y

_ 1 1 1
Ta(x,y) = ma"{ o8 <|xy|\/max{g<x|>,g(|y|>}> ’ } ’

1
fe—y]y/max{e(|x]),g(Iy)}

U A
Il
- N W
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Application: Green’s function estimates

@ Whend > 2,

Q(x7y)a |X—y| <

|x_y|_(d_2)rl(-x7y>7 |X—y| >

1
G(x,y) = V/max{s(1x)).g(b)}

1
\/max{g(|x|)7g(b’|)}7

where Q(x,y) denotes Green’s function of the Laplacian operator
A on RY;

@ When d = 1, it holds that

1

Glx,y) = { VmaxalDs(bD}’
( y> |x_y|7(d72)]-—‘l(xvy)7 |.X—y| >

x—y <

1
/max{g(1x)).g ()}

1
/max{g(ix)).g (b))}
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© Main Results

e Fractional Schrodinger with unbounded potential
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LY =AYy,
Define

to(s) == inf{t > 0:exp(—1g(s)) = m} , s=0.

Theorem (Baraniewicz.-C.-Kaleta.-Wang.-Schilling., 23+)

Then there exists a constant Cy > 0 such that for every x,y € R? with
|x| < |y| the following statements hold.

(1) Forevery 0 <t < Coto(|x]), it holds that

! t
p(t,x,y) < ( A 1) e~ 18(xD) (t—d/a A —a>
rg(1v) PR
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Theorem (Baraniewicz.-C.-Kaleta.-Wang.-Schilling., 23+)

),

(2) If ty(-) is almost non-increasing then for every t > Coty(|x

1
) g () (1 + [x])ete (1 + [y])*+e

. / o~Cuiglih g
{1<s0(0}

where so(t) = h™'(t) V 2 with

pt,x,y) <
g(

h=Y(t) == inf{s > 1: h(s) < t}

),

If to(+) is almost non-decreasing, then for every t > Coto(|x
=i

D)+ R (1 + )7

p(t,x,y) =< g( “4)
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Example: V(x) = log”(1 + |x|)

Assume that V(x) = log?(1 + |x|) for B > 0. Let

1
(1 + [x)d+log? (1 + |x|)

to(x) := log' (1 + |x]), ¥(x) :=

(i) If B € (1,+00), for every x,y € R? with |x| < |y

)

p(t,x,y) <

—d t 1 —tlogh (1+
(’ s |x7)’|d+°‘> (tlogB(IHYD A 1) e e R, 1 <o),

e W w(y), t € (1o(x), 1]
e U (x)U(y), t € (1,+00)
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Example: V(x) = log” (1 + |x|)

(ii) If 3 € (0, 1], for every x,y € RY with |x| < |y],

p(t,x,y) <
—d/a 1 —rlog? (1+|x
(2 A s (et A1) €70, 1 <o),
e "U(x)U(y), t > to(x).
(0)
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© Main Results

e V tends to O at infinity
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Theorem (C.-Wang., 23+)

Suppose that there exist positive constants m € (0,2) and Cy, C, such
that
Ci(1+x)™<Vx) <G+ x)™, xeR%

Let to(x) := (1 + |x|)'*2. Then for any x,y € R with |x| > |y| and
t>0,

2
il exp (—EE ) exp (— b ) o 1 < (i),
p(t7 x? y) = —d/2 ‘x_y‘Z 2—m
=4 exp () exp —t2+'~), t > to(|x]).
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The case of negative potential V

Theorem (C.-Wang., 23+)

Suppose that there exist positive constants m € (0,2) and K,, K, such
that

—Ki(1+ )" <Vx) < —K(l+ )™, xeR. (7

Then for any x,y € R with |x| > |y| and t > 0,

_v|2 ¢ 1 2
C1~4? exp _—C2|x ol exp | max —C3 , Cst — —C4( + )
t (1 + |x|)m™ t

< p(t,x,y) <

Cslx — y|? Cit Cs(1 2
Cst™4? exp ——6|x o exp ( max T G- —8< + )
t (14 |x
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The case of negative potential V

Theorem (C.-Wang., 23+)

@ Suppose that (7) holds for some m € [2,+00) and K, K, > 0.
Then there exists a constant K, > 0 so that, if K; > K., then the
two-sided estimates (8) are still true for every x,y € R and t > 0.

@ Suppose that d > 3, and that (7) holds for some m € (2, +00)
and K, K, > 0. Then there exists K* > 0 such that, if K, < K*,
then for any x,y € R? and t > 0,

p(t,x,y) < q(t,x,y),
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Upper bounds

Suppose that 0 < ¢ < Coto(]x|) and |x — y| < Cht'/2. By the semigroup
property,

plt,x,y) = / P (t/2,%,2) p (1/2,2,y) dz < ey~ / p(t/2,%,2) dz
R4 R4

= clt’d/th‘;zl(x) < ot 47 exp(—cstg(]x])).
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Upper bounds

Suppose that 0 < ¢ < Coto(]x|) and |x — y| < Cht'/2. By the semigroup
property,

plt,x,y) = / P (t/2,%,2) p (1/2,2,y) dz < ey~ / p(t/2,%,2) dz
]Rd

R4
= clt’d/th‘;zl(x) < ot 47 exp(—cstg(]x])).

There are constants Cy, C, > 0 such that for all t > 0 and x € R?

1 2
T/1(x) < Cy min {exp (—Catg(x])) + exp (_czw) 7e-c2t} |
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Upper bounds

Suppose that 0 < ¢t < Coptp(|x|) and |x — y| > 2Ct'/“. The proof is
split into two cases.
Case 1: |x — y| < |y|/4. By the semigroup property we have

pt,x,y) = / p(t/2,x,2)p(t/2,2,y)dz
{zlz—y|<lx—y]/2}

i / P (t/2,3,2)p (12,2, ) d
{z:]z—y|>|x—yl/2}

=: Il —|-12
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Upper bounds

Suppose that 0 < ¢t < Coptp(|x|) and |x — y| > 2Ct'/“. The proof is
split into two cases.
Case 1: |x — y| < |y|/4. By the semigroup property we have

p(t,x,y)z/ p(t/2,x,2)p(t/2,2,y)dz
{zlz—y|<lx—y]/2}

+ [ p(1)2,5,2)p (t/2,2,y) dz
{ztlz=y|>|x—yl/2}
=: Il -+ 12.
When |z — y| < |x — y|/2, it holds that

x —y|
2

z—x| =[x =yl —|z—y > > Chi'/?.

Then,

p8/2.2) < cvexp (—ex (b o max(all () + B0 ) ).
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Upper bounds

Lemma

Given any constant Cy > 0, there exist positive constants C, and C,
such that for all x,y € R? and t > 0 with |x — y| > 2Cot'/?,

| 2

+ |x — y[y/max{g(|x]), g(Iy]) }

p(t,x,y) < Cit % exp <—C2 (|x—ty
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Upper bounds

Lemma

Given any constant Cy > 0, there exist positive constants C, and C,
such that for all x,y € R? and t > 0 with |x — y| > 2Cot'/?,

| 2

x —y
t

p(t,5,y) < Cit~ exp (—cz ( T Ik — yv/max (g (D), (5D

Suppose that |x — y| > 2Cot'/?. Set U = B(x, |x — y|/3). Then,

TU
p(taxay) = Ex |:eXp (_/ V<Bs)ds> 1{7'U<f}p (t - TUvBTU7y):|
0

<

5 [ew(osingve) - ([ p—szn ) @ota ) as
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Upper bounds

Lemma

Given any constant Cy > 0, there exist positive constants C, and C,
such that for all x,y € R? and t > 0 with |x — y| > 2Cot'/?,

| 2

x —y
t

p(t,5,y) < Cit~ exp (—cz ( T Ik — yv/max (g (D), (5D

Suppose that |x — y| > 2Cot'/?. Set U = B(x, |x — y|/3). Then,

TU
p(taxay) = Ex |:eXp (_/ V<Bs)ds> 1{7'U<f}p (t - TUvBTU7y):|
0

<E. Jexp (=70 inf V() p (1 = 70, By, ¥)]
= %/Ot exp (—s L}glf] V(u)) . (/aUp(t - S%y)%(z)a(dz)) ds.
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Lemma

Suppose that there exist positive constants m € (0,2) and C,, C, such

that
Ci(1+x)™ < V(x) < (1 + [x)™™,

The following estimates hold.

Cyt
(1 fx])m

T/1(x) < C; (exp (—

x € RY

) +exp (—C4t§113)> Vi>0, xeR

v
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Lemma

Suppose that there exist positive constants m € (2, 00) and C,, C, such
that

—Ci(1+ )™ < V(x) < —C(1+[x))™, xeR.
The following estimates hold.

log(2+|x) 1 {a=m}

—— el r < (1+ |x])?

—m (1+| |)mm(d,m) ) 5

By [(1+1BD)™] < C5 4 (ogiriytgam) .
@ t > (1+ |x])*

o’
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Thank you for your attention!
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